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Abstract 
We obtain maximum and minimum of modified gambler’s ruin problem by studying discrete 
random walk with absorbing barriers on the boundary. The domain of our random walk can be 
the interval [0,N], where 0 and N are absorbing barriers, the halfline [0,∞), with absorbing 
barrier 0, or the set of integers with no absorbing barrier. The modification is that in our 
process we can move one step forward or backward (standard gambler’s ruin problem), but we 
have also the possibility to stay where we are for a time unit or there can be absorption in the 
current state (game is terminated without reaching an absorbing barrier). 
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1. Introduction   
 
The gambler’s ruin problem is a special random walk. Random walk can be used in various 
disciplines: in physics as a simplified model of Brownian motion, in ecology to describe individual 
animal movements and population dynamics, in statistics to analyze sequential test procedures, in 
economics to model share prices and their derivatives, in medicine and biology where absorbing 
barriers give a natural model for a wide variety of phenomena. 
In this paper we investigate a modified one dimensional random walk. We call it a [pqrs] walk, where 
p is the one-step forward probability, q one-step backward, r the probability to stay for a time unit in 
the same position and s is the probability of immediate absorption in the current state (p+q+r+s=1). 
In section 2 we solve a set of difference equations which is fundamental for the calculation of 
maximum and minimum of the random walk. 
In section 3 we obtain a Lemma which relates the solution of the set of difference equations of section 
2 to maximum and minimum of the random walk. 
In sections 4, 5 and 6 we study [pqrs] discrete random walk on [0,N], [0,∞) and the integers. The 
classical case is the [0,∞) ruin problem: the gambler has to stop when he reaches the absorbing barrier 
0. In the [0,N] case the gambler halts also when he reaches his goal N. On the set of integers there are 
no restrictions. 
Appendix A gives maximum and minimum for the [pqr] ruin problem (s=0: absorption is only 
possible at the barriers on the boundary). 
Appendix B shows how to calculate the moments of the time before absorption occurs in a specified 
absorption barrier (on the boundary) for both the [pqrs] and the [pqr] walk. 
Appendix C covers a related topic: the expected time before absorption (in any state) in a [pqrs] and 
[pqr] random walk. 
 
2. Set of difference equations. 
 
We define a probability generating function: 
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The following  theorem and lemma  are the base of the results in this paper. 
 
Theorem 1 
The set of difference equations: 
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Proof: 
General solution of homogeneous part of (1) is:  
 1 1 2 2 ( )
n n
nX C C n   Z  , where 
2 (1 ) 0qz rz pz      
A particular solution of (1) is: 
         ܺ௡ = ଵଶగ ∫   ௘ష೔ഇ(೙ష೔బ)ௗఏ(ଵି௥௭)ି௣௭௘೔ഇି௤௭௘ష೔ഇగିగ            
                                                                                                     
Substituting  ݐ = ݁ି௜ఏ and applying the residue theorem [1] we get the  particular solution. 
 
In the following we use )()( , zXzXX jijj  in combination with )(1 z , )(2 z and z  ; 
)1()1( , jijj XXx  is used in combination with )1(11   , )1(22   and 1 . 
 
3. Maximum and minimum 
  
The domain D of our random walk can be the interval [0,N], where 0 and N are absorbing barriers, the 
halfline [0,∞), with absorbing barrier 0, or the set of integers with no absorbing barrier. 
We define: 
ܽ|ܦ = ൜[ܽ,ܰ]                                    ݂݅ ܦ = [0,ܰ][ܽ,∞)     ݂݅ ܦ = [0,∞) ݋ݎ ܦ = (−∞,∞) 
 
where state ܽ is transformed in an absorbing barrier. 
 
ܦ|ܾ = ൜ [0, ܾ]        ݂݅ ܦ = [0,ܰ] ݋ݎ ܦ = [0,∞)(−∞,ܾ]                            ݂݅  ܦ = (−∞,∞) 
 
where state ܾ is transformed in an absorbing barrier. 
 
The solution of our set of difference equations (1), restricted to domain D, will be written as ܺ௡஽(ݖ). 
We define:   ݔ௡஽ = ܺ௡஽(1).  
When the domain D is well known or not relevant we also use the notation ݔ௡. 
We also define:   
        ܨ௔,௕ ≝ ݔ௔[௔,௕] + ݔ௕[௔,௕]   
 
where in the RHS we have transformed a and b to absorption barriers. 
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We now focus on maximum (M) and minimum (m) of our random walk.  
 
Lemma 1 
In a [pqrs] random walk with domain D we have: 
If there is an absorption barrier N, then:  
    ܲ(ܯ = ܰ) = ݔே஽    
If there is an absorption barrier 0, then:  
    ܲ(݉ = 0) = ݔ଴஽     
 
If N is an absorption barrier and a not, then: 
  ܲ(݉ = ܽ ܽ݊݀ ܯ = ܰ) = ݔே[௔ିଵ,ே] − ݔே[௔,ே]  (ܽ = 1,2, … ݅௢)  
 
If 0 is an absorption barrier and b not, then: 
  ܲ(݉ = 0 ܽ݊݀ ܯ = ܾ) = ݔ଴[଴,௕ାଵ] − ݔ଴[଴,௕]                                (ܾ ≥ ݅௢ ݋݊ [0,∞),     ݅଴ ≤ ܾ ≤ ܰ− 1) ݋݊ [0,ܰ]  
 
For other states (no absorption barriers involved): 
 
  ܲ(ܯ = ܾ) = ݔ௕஽|௕ − ݔ௕ାଵ஽|(௕ାଵ)   (ܾ ≥ ݅௢)  
 
  ܲ(݉ = ܽ) = ݔ௔௔|஽ − ݔ௔ିଵ(௔ିଵ)|஽   (ܽ ≤ ݅௢)  
 
  ܲ(݉ = ܽ ܽ݊݀ ܯ = ܾ) = ܨ௔,௕ାଵ +  ܨ௔ିଵ,௕ − ܨ௔ିଵ,௕ାଵ − ܨ௔,௕  (ܽ ≤ ݅௢ ≤ ܾ) 
 
 
Proof 
 
For a state j with absorption probability s we have:   
P(absorption in j when starting in i)= jj
k
k
ij sxsXsp 


)1(
0
)( .   
For an absorbing barrier we have s=1, so the probability of absorption in an absorbing barrier j is jx . 
So we have : ܲ(ܯ = ܰ) = ݔே஽    (in the presence of an absorbing barrier in N) and 
ܲ(݉ = 0) = ݔ଴஽   (in the presence of an absorbing barrier in 0). 
 
We remark that {ܯ ≥ ܾ} ={random walk visits b after n steps for some n≥0}. 
We can detect the visit of b by transforming b in a absorption barrier and calculate the absorption 
probability in b:   ܲ(ܯ ≥ ܾ) = ݔ௕஽|௕    (ܾ ≥ ݅௢)   
 
In a similar way we find  ܲ(݉ ≤ ܽ) = ݔ௔௔|஽   (ܽ ≤ ݅௢)  
 
We also have: 
 ܲ(݉ ≤ ܽ ܽ݊݀ ܯ ≥ ܾ) = ܲ(݉ ≤ ܽ) + ܲ(ܯ ≥ ܾ) − ܲ(݉ ≤ ܽ ݋ݎ ܯ ≥ ܾ) = 
 
                           ݔ௔
௔|஽ + ݔ௕஽|௕ − ቄݔ௔[௔,௕] + ݔ௕[௔,௕]ቅ = ݔ௔௔|஽ + ݔ௕஽|௕ − ܨ௔,௕     (ܽ ≤ ݅௢ ≤ ܾ) 
 
The other formulae follow from this last one. 
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4. [pqrs] random walk on [0,N]  
 
Theorem 2  
The probabilities of absorption  in the absorbing barriers a and b in  a [pqrs] random walk on [a,b] 
when starting in 0i (a< 0i <b) are: 
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Proof  
We start in 0i  ( 22 0  bia ). We have the set of difference equations:   
          )22(),( 110   bnarxqxpxinx nnnn   
with general solution, using Theorem 1: 
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Notice that the solution is in this case also valid for n=a+1 and n=b-1, which can be seen by observing 
the difference equations for n=a+2 and n=b-2 : 1ax  and 1bx  satisfy the difference pattern. 
We also have: 
 1 aa qxx  
 21)1(   aa qxxr  
 21)1(   bb pxxr  
 1 bb pxx  
  
We first substitute the general solution in the second and third equation and get: 
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Using the first and last equation  gives the desired result. 
After some calculation we find that our result is also valid for bbaai ,1,1,0  . 
 
 
We can now apply Lemma 1 with D=[0,N] and get  the max/min probabilities: 
   ܲ(ܯ = ܾ) = ],0[ bbx − ]1,0[ 1 bbx    (݅௢ ≤ ܾ < ܰ)  
   ܲ(ܯ = ܰ) = ],0[ NNx   
   ܲ(݉ = ܽ) = ],[ Naax − ],1[ 1 Naax    (ܽ = 1, … , ݅௢)  
   ܲ(݉ = 0) = ],0[0 Nx   
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   ܲ(݉ = 0 ܽ݊݀ ܯ = ܾ) = ݔ଴[଴,௕ାଵ] − ݔ଴[଴,௕] (ܾ = ݅௢, ݅଴ + 1, … ,ܰ − 1)  
 
   ܲ(݉ = ܽ ܽ݊݀ ܯ = ܰ) = ݔே[௔ିଵ,ே] − ݔே[௔,ே]  (ܽ = 1,2, … ݅௢)  
 
 
   ܲ(݉ = ܽ ܽ݊݀ ܯ = ܾ) = ܨ௔,௕ାଵ +  ܨ௔ିଵ,௕ − ܨ௔ିଵ,௕ାଵ − ܨ௔,௕ 
       (1 ≤ ܽ ≤ ݅௢ ≤ ܾ ≤ ܰ − 1) 
 
where       ܨ௔,௕ = ݔ௔[௔,௕] + ݔ௕[௔,௕] = )( )()( 2121 112221 baab abbababa       
  
5. [pqrs] random walk on ),0[   
 
We first look at  a [pqrs] walk on [ܽ,∞) where a is an absorbing barrier (ܽ ≥ 0). 
We start in 0i  with 02 ia  . 
We have the set of difference equations: 
                   )2(),( 110   anrxqxpxinx nnnn    
with general solution: 
 








)(
)1(
02221
02211
0
0
inC
inaC
x nin
nin
n 

 
 
Notice that the solution of theorem 1 is in this case also valid for n=a+1 , which can be seen by 
observing the n=a+2  equation: 1ax   satisfies the difference pattern. 
We also have: 
 1 aa qxx  
21)1(   aa qxxr  
Substituting the general solution in the last equation gives: aiaC  2112 0  
The first equation gives: 01
ia
ax
  , which leads to: 
 
Theorem 3   
The probability of absorption  in the absorbing barrier a  in  a [pqrs] random walk on [ܽ,∞) when 
starting in 0i  is:   
 )( 01
),[ 0 iax iaaa 
   
 
(We achieve the same result taking b  in theorem 2). 
 
Using Lemma 1 we have the following max/min probabilities: 
   ܲ(ܯ = ܾ) = ],0[ bbx − ]1,0[ 1 bbx    (ܾ ≥ ݅௢)  
   ܲ(݉ = ܽ) = ),[ aax − ),1[ 1 aax   (ܽ = 1, … , ݅௢)  
   ܲ(݉ = 0) = ),0[0 x   
 
   ܲ(݉ = 0 ܽ݊݀ ܯ = ܾ) = ݔ଴[଴,௕ାଵ] − ݔ଴[଴,௕] (ܾ ≥ ݅଴)  
 
               ܲ(݉ = ܽ ܽ݊݀ ܯ = ܾ) = ܨ௔,௕ାଵ +  ܨ௔ିଵ,௕ − ܨ௔ିଵ,௕ାଵ − ܨ௔,௕ 
       (1 ≤ ܽ ≤ ݅௢ ≤ ܾ) 
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6. [pqrs] random walk on ),(   
 
Theorem 4   
The probability of absorption  in the absorbing barrier b  in  a [pqrs] random walk on  (−∞,ܾ]  (ܾ ≥ ݅଴) when starting in 0i  is    
)( 02
],( 0 ibx ibbb 
   
Proof 
As in Theorem 3 or  taking a  in theorem 2. 
 
 
Using Lemma 1, Theorems 3 and 4, we have the following max/min probabilities: 
 
   ܲ(ܯ = ܾ) = ],( bbx  − ]1,( 1  bbx = 02 ib (1 − 2 )         (ܾ ≥ ݅௢)  
   ܲ(݉ = ܽ) = ),[ aax − ),1[ 1 aax = 011 ia  ( 1 − 1)       (ܽ ≤ ݅௢)  
 
                                      ܲ(݉ = ܽ ܽ݊݀ ܯ = ܾ) = ܨ௔,௕ାଵ + ܨ௔ିଵ,௕ − ܨ௔ିଵ,௕ାଵ − ܨ௔,௕ 
       (1 ≤ ܽ ≤ ݅௢ ≤ ܾ) 
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APPENDIX A 
 
 
 
Maximum and minimum of [pqr] ruin problem (s=0). 
 
In a [pqr] ruin problem we have s=0, so: 
 
If p>q then 1 = ଵ௣ି௤ , 1 = ௣௤ > 1 , 2 =1; 
 
if p<q then                       1 = ଵ௤ି௣ , 11  ,  2 = ௣௤ <1. 
 
 
 
             A1. Maximum and minimum of  [pqr] ruin problem on [0,N] 
 
             Using Theorem 2 we get:  
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We can use the results of section 4, now in combination with (2): 
   ܲ(ܯ = ܾ) = ],0[ bbx − ]1,0[ 1 bbx    (݅௢ ≤ ܾ < ܰ)  
   ܲ(ܯ = ܰ) = ],0[ NNx   
   ܲ(݉ = ܽ) = ],[ Naax − ],1[ 1 Naax    (ܽ = 1, … , ݅௢)  
   ܲ(݉ = 0) = ],0[0 Nx   
   ܲ(݉ = 0 ܽ݊݀ ܯ = ܾ) = ݔ଴[଴,௕ାଵ] − ݔ଴[଴,௕] (ܾ = ݅௢, ݅଴ + 1, … ,ܰ − 1)  
 
   ܲ(݉ = ܽ ܽ݊݀ ܯ = ܰ) = ݔே[௔ିଵ,ே] − ݔே[௔,ே]  (ܽ = 1,2, … ݅௢)  
 
             
              If p=q then we can use (2), and apply l’Hospital’s rule: 
 
                               ܺ௔
[௔,௕] = ௕ି௜బ
௕ି௔
    
                                    ܺ௕[௔,௕] = ௜బି௔௕ି௔            
 
     ܲ(݉ = ܽ) = ேି௜బ(ேି௔)(ேି௔ାଵ)      (ܽ = 1,2 … , ݅଴)     
 
                                ܲ(݉ = 0) = ேି௜బ
ே
              
 
 ܲ(ܯ = ܾ) = ௜బ
௕(௕ାଵ)      (ܾ = ݅଴, … ,ܰ − 1)     
 
                                             ܲ(ܯ = ܰ) = ௜బ
ே
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             A2. Maximum and minimum of  [pqr] ruin problem on [૙,∞) 
 
If p<q or p>q, we can use Theorems 2, 3  and the results of section 5 (both with s=0): 
 
                          ݔ௔
[௔,∞) = ൝ቀ௣௤ቁ௔ି௜బ     (݌ > ݍ)1               (݌ < ݍ) ൡ                         (0 ≤ ܽ ≤ ݅଴) 
 
                               
)1(
)1( 0],0[
b
i
b
bx 


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

     (ܾ ≥ ݅௢)      (߱ = ௣௤ ≠ 1) 
 
                                             ܲ(ܯ = ܾ) = ],0[ bbx − ]1,0[ 1 bbx    (ܾ ≥ ݅௢) 
                                             ܲ(݉ = ܽ) = ),[ aax − ),1[ 1 aax   (ܽ = 1, … , ݅௢) 
                                 ܲ(݉ = 0) = ),0[0 x   
         ܲ(݉ = 0 ܽ݊݀ ܯ = ܾ) = ݔ଴[଴,௕ାଵ] − ݔ଴[଴,௕] (ܾ ≥ ݅௢)  
 
If p=q then apply l’Hospital’s rule: 
 
                                         ܲ(݉ = 0) = 1        
  
   ܲ(ܯ = ܾ) = ௜బ
௕(௕ାଵ)      (ܾ ≥ ݅଴)     
 
  
             A3. Maximum and minimum of  [pqr] ruin problem on (−∞,∞) 
 
Using the results of section 6: 
 
If p<q :      ܲ(ܯ = ܾ) = ቀ௣
௤
ቁ
௕ି௜బ (1 − ௣
௤
 )   (ܾ ≥ ݅଴) 
 
If p>q:          ܲ(݉ = ܽ) = ቀ௣
௤
ቁ
௔ିଵି௜బ ( ௣
௤
− 1)   (ܽ ≤ ݅଴) 
 
Both results can also be found by using the reflection principle [2]. 
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APPENDIX B 
 
 
Let ௨ܶ be the time (starting at time 0) when absorption occurs in absorbing barrier u. We are 
interested in the moments of ௨ܶ. We first look at the [pqrs] walk and then we analyze the [pqr] walk. 
 
 
 
B1.  [pqrs] walk on [0,N]: Moments of ࢀ૙ and ࢀࡺ 
 
Analogue to theorem 2 we get 
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Implicit differentiation of 0)()1()(2  pzzrzzqz   gives: 
   
ௗ
೔
(௭) 
ௗ௭
= (−1)௜ z ݖିଵ ௜(ݖ)  (݅ = 1,2) 
 
Repeatedly differentiation of (3) and putting z=1, gives E[ ௨ܶ], E[ ௨ܶ ( ௨ܶ-1)],…   e.g.  
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B2. [pqrs] walk on [૙,∞]: Moments of ࢀ(= ࢀ૙)  
 
By repeatedly differentiating  ܺ଴
[଴,∞)(ݖ) = 01 i (z), using ௗ ೔(௭) ௗ௭ = (−1)௜ z ݖିଵ ௜(ݖ)  (݅ = 1,2) 
and putting z=1 we obtain: 
ܧ[ܶ] = 0110 ii   
ܧ[ܶ(ܶ − 1)] = 0110 ii  { 10i + [r(1 − r) + 4pq] 1 ଶ − 1} 
 
 
 
B3.  [pqr] walk on [0,N]: Moments of ࢀ૙ and ࢀࡺ 
 
Using the results of B1, now with s=0, we find: 
 
                                 ܧ[ ଴ܶ] = ௜బ(ଵାఠಿష೔బ)(௤ି௣)(ଵିఠಿ) + ଶேఠಿ(ଵିఠష೔బ)(௤ି௣)(ଵିఠಿ)మ           (߱ = ௣௤ ≠ 1)                          (4) 
 
                                 ܧ[ ேܶ] = ି௜బ(ఠಿష೔బାఠಿ)(௤ି௣)(ଵିఠಿ) − ேఠಿ(ଵିఠష೔బ)(ଵାఠಿ)(௤ି௣)(ଵିఠಿ)మ           (߱ = ௣௤ ≠ 1)             (5) 
 
We notice that ܧ[ ଴ܶ] + ܧ[ ேܶ] =
])(1)[(
])(1[ 0
0
N
i
p
qpq
p
qN
pq
i




=
0i
m   (see Theorem 9 in appendix C)  
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The case p=q is remarkable: 
 
After applying l’Hospital’s rule three times on (4) and (5),  we get after some calculation: 
  ܧ[ ଴ܶ] = ݅଴(ܰ − ݅଴)(2ܰ − ݅଴)6݌ܰ  
 
ܧ[ ேܶ] = ݅଴(ܰ − ݅଴)(ܰ + ݅଴)6݌ܰ  
 
                                                         ܧ[ ଴ܶ] + ܧ[ ேܶ] = ௜బ(ேି௜బ)ଶ௣             (compare with Theorem 9) 
 
We have: 
                      ܧ[ ଴ܶ] = ቀଵଷ + (ேି௜బ)ଷே ቁ (ܧ[ ଴ܶ] + ܧ[ ேܶ]) 
 
                                                          ܧ[ ேܶ] = ቀଵଷ + ௜బଷேቁ (ܧ[ ଴ܶ] + ܧ[ ேܶ]) 
 
and (independent of the starting point ݅଴): 
 
     ଵ
ଶ
ܧ[ ଴ܶ] < ܧ[ ேܶ] < 2ܧ[ ଴ܶ] 
 
     ଵ
ଶ
ܧ[ ேܶ] < ܧ[ ଴ܶ] < 2ܧ[ ேܶ] 
 
 
 
B4. [pqr] walk on [૙,∞]: Moments of ࢀ(= ࢀ૙)  
  
 
We  use the results of B2 now with s=0 and p<q:  1 = ଵ௤ି௣ , 11  , 2 = ௣௤ <1  ,so: 
 
                             ܧ[ܶ] = ௜బ
௤ି௣
   (ݍ > ݌)        (see also Theorem 10) 
 
ܧ[ܶ(ܶ − 1)] = ݅଴ଶ(ݍ − ݌)ଶ + [ݎ(1 − ݎ) + 4݌ݍ]݅଴(ݍ − ݌)ଷ − ݅଴ݍ − ݌     (ݍ > ݌) 
 
which agree with [4]. 
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APPENDIX C 
 
We are interested in expected time before absorption in our [pqrs] or [pqr] ruin problem. 
 
We define ݉௜஽as expected time before absorption when starting in state i on domain D. 
We will use ݉௜  when it’s obvious in which domain we work. 
We first give the following theorem (proof  by substitution): 
 
Theorem 5 
The set of difference equations: 
           )0,1()(1)1( 11   pqssrqpiqmpmmr iii  
   
has solutions   ݉௜ = ܽ
ଵ
ି௜ + ܾ
ଶ
ି௜ + ଵ
௦
 (݅ ∈ ) 
                                                                                                                                 
C1.  [pqrs] walk on [0,N]: Expected time before absorption 
 
Theorem  6 
The expected time before absorption when starting in i (i=0,1,….N) in a [pqrs] random walk on [0,N] 
is: 
  














NN
iNNiNN
i s
m
21
1221 ])1()1[(11


 
Proof: 
  )1,......2,1(1)1( 11   Niqmpmmr iii  
 00  mmN  
We use theorem 5 to get the result. 
 
C2. [pqrs] walk on [૙,∞): Expected time before absorption 
 
 
Theorem 7 
 The expected time before absorption in a [pqrs] random walk on [0, ) when starting in i is:
  0,.....),2,1,0(]1)[1( 1 
 si
s
m ii   
Proof 
  )0(1)1( 11   iqmpmmr iii  
 00 m  
Use 
s
am ii
1
1 
 to get the desired result, or take N  in theorem 6. 
 
C3. [pqrs] walk on (-∞,∞): Expected time before absorption 
 
Theorem 8 
  The expected time before absorption in a [pqrs] random walk on ( , )  is 
 
s
m 1  
Proof 
The expected time before absorption m satisfies:   ݉ = ݌(݉ + 1) + ݍ(݉ + 1) + ݎ(݉ + 1) + ݏ. 1  
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C4.  [pqr] walk on [0,N]: Expected time before absorption 
 
Theorem 9 
The expected time before absorption when starting in i (i=0,1,….N) in a [pqr] random walk on [0,N] is 
 
                                         
)(
])(1)[(
])(1[
qp
p
qpq
p
qN
pq
im
N
i
i 





                                    (6) 
                                         
)(
2
)( qp
p
iNimi 


        
Proof    
       )1,......2,1(1)1( 11   Niqmpmmr iii  
has solutions   
                                                ݉௜ = ௜௤ି௣ + ܽ + ܾ(௤௣)௜ 
 
The boundary values 00  mmN gives the result for qp  . 
 
If p=q, we get the result by applying l’Hospital’s rule twice in (6), or:  
 
                                         )1,......2,1(12 11   Nipmpmpm iii  
 
with general solution:      ݉௜ = − ௜మଶ௣ + ܥ଴ + ܥଵ݅. 
00  mmN gives the result for p=q. 
 
Remark: for p=q=0.5 we have the well known result [2]: )( iNimi  . 
 
C5. [pqr] walk on [૙,∞): Expected time before absorption 
 
Theorem 10 
The expected time before absorption when starting in i (i=0,1,….N) in a [pqr] random walk on [૙,∞) 
is   )( qp
pq
imi 
  
 
Proof 
Two ways to obtain this result: 
First one is ܰ → ∞ in (6) (case p<q),  
the second is:   
  )1(1)1( 11   iqmpmmr iii   
 
has solutions    ݉௜ = ௜௤ି௣ + ܽ + ܾ(௤௣)௜ 
with b=0 (
p
q
>1) and a=0 )0( 0 m . 
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